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1. IN~~DUCTI~N 
Let 3 be a class of [associative] rings such that every epimorphic image 
and every [two-sided] ideal of a ring R E 3 is contained in D. In [ZO] we 
defined a radical f over D as a single-valued function which assigns to 
every ring R E 3 an ideal fR such that 
(1) (fR)a < fRa for every epimorphism p of R, 
(2) f (R/fR) = 0 for every ring R E a. 
If f is a radical over ID, and if R is a ring of ID, then an ideal X of R is called 
an f-ideal in case X = fX. The radical f over D is a complete radical if each 
f-ideal of any ring R is contained in fR, and f is called hereditary if and only 
if each ideal X of a ring R E ZD with X < fR is an f-ideal. If U is the universal 
class of all rings, then the radicals of Baer, Levitzki, Jacobson, and Brown- 
McCoy yield well-known examples of complete, hereditary radicals over U. 
If f is a radical over a, and if R is a ring of 3, then we denote by s(R 1 f) 
the set of all prime ideals P of R with f (RlfP) = 0. If B(R 1 f) is equipped 
with the Stone topology (cf. Rickart [22], p. 78) then s(R 1 f) is a topological 
space-the f-structure space of R. Let f be a complete, hereditary radical 
over D, and let M be a subideal (cf. Baer [2], p. 40) of the ring A E II), then 
the mapping 
p:P-+PnM 
is a homeomorphism of $3(M) = (P E @R 1 f) I P 2 M) onto the f-structure 
space S(M If) of the ring M (Theorem 3.2). It is easy to see that Theorem 5.2 
of C. W. Kohls ([9], p. 24), and Proposition 2 of Jacobson [(7], p. 206) 
[cf. also Goldie [6], p. 41, Theorem 21 are corollaries of this result. 
In [6], Goldie introduced the concept of a minimal decomposition set 
of almost primitive ideals for a Jacobson-semi-simple ring R. In [8], 
Kishimoto and Kurata studied minimal decomposition sets of prime ideals 
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for a semi-prime ring R. Both concepts are contained in the following. Let 
f be a radical over 2. If R is a ring of ~3 such that fR = nPEGfR, fJ P, then 
the subset % of s(R ] f) is called a minimal f-decomposition set for R, if 
n P~YI P = fR, but %m/p, P # fR for each P,, E 3. Let f be a complete, 
hereditary radical over D. If R is a ring of 2 such that R,/fR is a semi-prime 
ring satisfying the maximum condition for two-sided annihilators [two-sided 
ideals P of a such that P = 8, = xr for some ideal x of a], then R has a 
finite minimal f-decomposition set 3 # 4 (Theorem 5.8). Since in a semi- 
prime ring the maximum condition for two-sided annihilators is a conse- 
quence of either the maximum condition or the minimum condition, Theo- 
rem 5.8 implies Theorem 15 of Goldie ([6], p. 47), Remark 18 of Andruna- 
kievitch ([I], p. 197) and Corollary 8 of Andrunakievitch ([I], p. 198). 
It is easy to see that each f-structure space is a T,,-space. But the require- 
ment that the f-structure space B(R 1 f) of a ring R be a T,-space is a much 
more restrictive imposition on the structure of R, as can be seen from 
THEOREM 6.6. Let f be a complete, hereditary radical over 3 with f < g 
whereg is the Brown-McCoy radical over 3). Then thefollowing properties (l), (2) 
and (3) of the ring R E D are equivalent: 
(1) (a) R = RfR is a semi-prime ring with maximum condition for two- 
sided annihilators such that each proper ideal 8 of R is contained in a prime 
ideal P of R with g(R,/p) = 0. 
(b) B(R 1 f) is a compact, T,-space. 
(2) (4 fR = gR 
(b) R = RIfR satisfies the maximum condition for two-sided annihilators. 
(c) s(R 1 g) is a T,-space. 
(3) R = R/fR is the direct sum of a finite number of simple rings with 
identity. 
The author would like to express his appreciation for several helpful 
advices given to him by Professor R. Baer and by Professor A. W. Goldie. 
2. NOTATIONS AND DEFINITIONS 
Throughout this paper, the word “ideal” always means “two-sided ideal,” 
and every ring R is associative. The existence of an identity in R is not 
assumed. 
4 = empty set. 
U = universal class of all rings. 
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If%isaset,andX~~,.then%\X=(Y~R~Y#X).LetX,Qbe 
subsets of the ring R. Then 
&(Q)=(Y~QIYX=W, X,(Q) = <YEQ IXY =W. 
X*(Q) = X,(Q) A X,(Q). If R = Q, we write X, , X, , and X*. If Y and S 
are ideals of R, then (Y : S) = (x E R 1 Sx < Y). 
A @ B = ring theoretical direct sum of the ideals A and B of R. 
(x) = principal ideal of R generated by x, 
b = lower nil radical of Baer over D (cf. Jacobson [7], p. 194) 
g = Brown-M c C oy radical over 3 (cf. Brown-McCoy [4], p. 51, Theo- 
rem 7). 
Letf and h be radicals over 3. Then we write f < h if and only if fR 6 hR 
for each R E a. 
DEFINITION 2.1. Let f be a radical over D. For every ring R E 3 we denote 
byWIf)th[P bl ossi y empty] set of all proper prime ideals P of R with 
f (R/P) = 0. If 2f is a s&set of S(R 1 f ), we dejke 
i 
nx, if w9 
da = .wn 
1 R, if 2l =f$. 
For any subset % of s(R ) f) the closure of ‘u is given by 
C~~~=(PE~(RI~)IP>AU). 
A subset Cn of g(R 1 f) is closed, if 2l = Cl U. 
REMARK 2.2. If ‘u, 23 are any subsets of g(R 1 f), then it is easy to see 
(cf. Jacobson [7j, p. 204) that the operator Cl satisfies the following conditions: 
(1) Cl4 =d 
(2) Cl%>% 
(3) Cl Cl 2l = Cl 2l 
(4) Cl (n u b) = Cl ‘11 u Cl 9. 
Hence the set s(R 1 f) is topologized by the operator Cl. Therefore we 
call s(R 1 f) the f-structure space of the ring R E D. 
LEMMA 2.3. Let f be a radical over D, and R a ring in 3. For each ideal 
Xof R let 
9,(X) = (P E 5(R If) I P Z X>. 
Then the mapping P+ P/X is a homeomorphism of g(X) unto the f-structure 
space of R/X. 
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The proof follows at once from Theorem 1.1 of Gillman ([5], p. 2), and 
from the fact that f is a radical over a. 
3. THE f-STRUCTURE SPACE OF A SUBIDEAL 
DEFINITION 3.1. A subring M of the ring R is a sub&al of R, if there 
exists a Jinite set of subrings Ki of R such that 
where Ki (i = 0, 1, -**, n) is an ideal of K,+l (cf. Baer [2], p. 40). 
In this section we denote by f a complete, hereditary radical over Ti). Let 
M be a subideal of a ring R E a. Then, by Theorem 2.21 of [lo], we have 
fM = M n fR. This leads us to the following question. Let X be a point 
of the f-structure space of M. Does there exist a point P of the f-structure 
space of R such that X = M r\ P ? C. W. Kohls gave an affirmative answer 
in case a is the universal class U of all rings, f is the lower nil radical of Baer 
over ‘u, and Mis an ideal of the ring R. (See [9], p. 23, Theorem 5.1). Lemma 
3.2 gives an affirmative answer in the general case. 
LEMMA 3.2. Let M be a subideal of the ring R E D. Then for each point 
P,, E B(M 1 f) there exists a point P E @R ! f) (depending on P,) such that 
P, = P n M. 
Proof. First, we prove: 
I. If Y is an ideal of the ring K E a, and PO E s( Y ) f ), then P, is an 
ideal of R. 
Since P, is a prime ideal of the ring Y, by Lemma 11 (Andrunakievitch [I], 
p. 191) we obtain that P,, is an ideal of K. 
II. If Y is an ideal of the ring K E 3, and ifPO E $J( Y (f ), then P,, E B(K 1 f) 
if and only if [Y/P,] * = 0. 
If P, E s(K 1 f ), then K/P, is a prime ring. As Y/P, is an ideal of K/P,, 
we obtain 
O = [$I, = [$I, = [$I*. 
Conversely, assume that [Y/P,,]* = 0. Let P = Y/P, , and I? = K/P0 . 
Since P,, E 5( Y ) f ), P # 0 and f Y = 0. By Theorem 2.21 of [ZO], we have 
0 =fP= P nfIC, 
since f is a complete, hereditary radical over ID. Hence 
fK,(P,nP,=P*=O. 
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Let C, D be ideals of the ring K such that PO < C, PO < D, and CD < P,, . 
Then YC < Y, YD < Y, and 
(YC) (YD) < CD < PO. 
Thus YC < P,, or YD < P,, , because P,, is a prime ideal of the ring Y. 
Without loss of generality, let YC < P, . Then C = C/P0 < FT. Since P 
is a prime ring which is an ideal of the ring I?, one has 
Y, = Yl 
by Lemma 10 of Andrunakievitch ([I], p. 191). Hence 
c<y*=o. 
Therefore C < P,, , and P, is a prime ideal of K. Thus PO E (K If). Next 
we prove: 
III. If Y is an ideal of the ring K E 3, md if P, E g(Y 1 f), then 
(1) (P,, : Y) E s(K 1 f) and (2) P, = (P, : Y) n Y. 
Let X = (P,, : Y). By I, we know that P, is an ideal of K. Therefore X 
is a prime ideal of the ring K by Theorem 5.1 of C. W. Kohls ([9], p. 23) 
such that 
PO = X n Y. 
IfA =X+ Y,then 
A -x,x 
p, - P, P,’ 
and 
Since f is a radical over D, and f (Y/P,) = 0, we obtain 
f(G) =o. 
Now A >, X because A/X z Y/P0 and P, E z(Y 1 f ). As A/X # 0 is an 
ideal of the prime ring K/X, it follows that A/X is a prime ring, too. Hence 
X E g(A 1 f ). From the primeness of the ring K/X we deduce 
Therefore by II, we obtain 
XE'iHKIf), 
and III is proved. 
Now let M be any subideal of the ring R E a. Let M,, = R, and let 
Mi+, = M + M,M + MMi + MiMMi (i = 0, 1, a--). 
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By Remark 1 of Baer ([2], p. 42), there exists a positive integer K such that 
M = iVlk , since M is a subideal of R. Let P,, E Ij(iklI f). Then we define 
inductively 
Pt = (X E i1fk-t I ii/l-f+,X < P,-1) 
for all 0 < t < k. Since Mk is an ideal of the ring iMk-l, and since 
P,, E s(M, If), we obtain by III that PI E g(Mk-, If), and P,, = Mk n PI. 
Now suppose that we have proved that 
(1) p* E 5w7c-t If )v 
(2) PO = MI, n P, 
for all t with t < 1z - 1 < k. Therefore PGl is a point of s(M,,+, If). 
By definition, Mhn+l is an ideal of Mkmn. Therefore, by III, we have 
Pn E SW/c-n If ), and Pn-1 = ML,+1 n Pn - 
Thus 
PO = Mk n P,,-l = Mk n Mhn+1 n P, = Mk n P, , 
since Mb < Mkn+l . Hence, Lemma 3.2 follows by complete induction 
with respect to t. 
THEOREM 3.3. Let f be a complete, hereditary radical over ID, and let M 
be a subideal of a ring R E ID. If Fp(M) = (P E s(R If) ( P $ M), then the 
mapping 
p:P-+PnM 
is a homeomorphism of the subset p(M) of g(R 1 f) onto the f-structure space 
g(M If) of the ring M. 
Proof. If P E $!(M), and PO = P n M, then (P + M)/P= MIP, and 
(P + M)/P is a subideal of R/P. Therefore 
f($=f[ ‘!j”] =v nf(+) =0 
by Theorem 2.21 of [IO], because f is complete and hereditary over D. 
Since RIP is a prime ring, (P + M)/Pr M/P,, is a prime ring, too. So 
Po E 5W If 1. 
Let P, Q E ‘$(M) such that P n M = Q n M. Since M is a subideal of R, 
there exists a finite set if subrings Ki (i = 1, 2, o**, n) of R with 
IIZ=K,~K,~...~K,~K,+,=R, 
where KS is an ideal in K,, (j = 0, 1, +*a, n). Suppose that 
PnKj=QnKj 
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foralljwithO<j<K-l.NowKk~PandKk~Qareprimeideals~of 
the ring Kk . Hence 
which implies P n K, < Q n Kk , because KL1 6 Q n Kk , and Q n K, 
is a prime ideal of Kk . Similarly we obtain Q n K,, < P n Kk and hence 
P nK,=Q nK,. By complete induction with respect to j we deduce 
Q = P. Together with Lemma 3.2 we have proved that p is a one-to-one 
mapping from (P(M) onto thef-structure space S(M If) of the ring M. 
Let ‘11 be any subset of (P(M). Then Cl’ ‘I[ = Cl ‘I[ n I is the closure 
of ‘II: in ‘i@(M). If PI E Cl’ %, then 
PI nM>A% nM= n (PnM) 
PfCn 
and (PI n M) E Cl” ‘W, where Cl” W is the closure of 2lr = (P n M 1 P E 2l) 
in [S(M)]a = s(M If). Hence (Cl’ a)~ < Cl” ‘up. If otherwise, P,, E Cl” W, 
then, by Lemma 3.2, there exists a point P’ E (P(M) such that PO = P’ n M 
which implies 
P,,=P’nM>AW= n (PnM)= n PnM=AXnM. 
P@M P&l 
Since M is a subideal of R, there exists an ideal Y of R and a positive integer 
m such that Y” < M < Y (cf. Baer [2], p. 41, Proposition 8). As P’ E Sp(M), 
we obtain 
Y” 9r p’. 
As 0 # Ym is an ideal of R and AN n M > AX n Ym > (A%) Ym, it follows 
that 
Of Ym+P' 
p’ G ( 
A%+P’ 
p’ 1 rs 
because R/P’ is a prime ring. Hence A% < P’ which implies 
P’~ClCUncp(M)=Cl’?C, 
and P,, E (Cl’ a)@. Thus Cl” W = (Cl’ 2l)p, and p is a homeomorphism of 
P(M) OntO SW If). 
REMARK 3.4. Let f be a complete, hereditary radical over ID, and Y 
an ideal of R with g(Y If) # 4. If P,, E $J(Y If), then, by Theorem 3.3 
there exists a uniquely determined P E g(R If) such that 
PO = P n Y. 
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By III of the proof of Lemma 3.2, the following equality holds 
REMARK 3.5. Let f be a complete, hereditary radical over 2. Then for 
every ideal X of the ring R E D the f-structure space s(R If) of R is the 
union of an open set p(X) homeomorphic to 5(X 1 f) and a closed set homeo- 
morphic to @R/X If). Th e p roof follows at once by Lemma 2.3 and Theo- 
rem 3.3. 
4. Ag(R Ij-) AI+D fR 
Let f be a radical over ID. Then by Lemma 2.9 of [IO] we have 
fR Q AB(R ( f) for all R E D. That in general equality does not hold, the fol- 
lowing example shows. If b is the lower nil radical of Bear over the 
universal class 21 of all rings, then by Corollary 3.20 of [ZO] there exists a 
complementary radical c, over ‘u, for 6 is complete and hereditary. In case 
R is a direct sum of a division ring D and a nilpotent ring N, then clearly 
s(R)c,)=$.Th f ereore AB(R ) cb) = R, but c,R = D #R. In this example 
c,R is not contained in any prime ideal of R, which is not surprising still in 
view of 
LEMMA 4.1. The following properties of the radical f over D are equiva- 
lmt: 
(2) fR is for every R E D the intersection of all prime ideals P of R with 
fR < P. 
Proof. That (2) implies (1) is a consequence of the fact that bR is the 
intersection of all prime ideals of R E D (cf. Jacobson [7], p. 196, Theorem 1). 
Assume that b <f, and suppose that there exists a ring R E 3 such that 
fR # D, where D is the intersection of all prime ideals of R containing fR. 
Since f is a radical over 3, R/fR is semi-prime. Therefore there exists a prime 
ideal P of R such that P > fR, but P $ D (cf. Jacobson [7], p. 196, Lemma). 
This contradiction proves Lemma 4.1. 
REMARK 4.2. In general it is not true that condition (1) of Lemma 4.1 
implies fR = As(R 1 f) f or all R E 3; this is illustrated by the following 
example. 
Let r be the class of all weakly regular rings [R E r if and only if every right 
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ideal of R is idempotent]. Then the function h over r which assigns to every 
ring R E r the ideal 
hR = fy if 
I 
R is a principal ideal of R 
, otherwise 
is a radical over r, satisfying b < h, because 6R = 0 for all R it. Assume 
thatfR =dB(Rjf) f or all R E r and all radicals f over r. Let S # 0 be a 
Boolean ring, which is not a principal ideal of S. Then hS = 0. If 
P, E S(S 1 h), then SIP,, is a field, and so 
which implies P, 4 S(S 1 h). Therefore s(S i h) = 4, and we have 
0 # S = hS = 0. Contradiction ! 
LEMMA 4.3. Let f be a complete, hereditary radical over D. Then the fol- 
lowing properties of a ring R E D are equivalent :
(1) fR = WR If) 
(2) For a subideal M of R there is fM # M if and only if 
5(M If) # 6 
(3) For an ideal Y of R there is f Y # Y if and only if s(Y 1 f) # +. 
(4) f&(R If) # &(R If) if and only if WS(R If) If) # 6 
Proof. Assume the validity of (1). If R = fR, then we obtain fM = M 
for all subideals M of R, because f is hereditary. Since f is a radical, 
g(M ] f) = 4. Therefore we may assume R # fR, which implies s(R 1 f) # + 
by Definition 2.1. Let M, be a subideal of R such that fM,, # M,, . By Theo- 
rem 2.21 of [IO] we have 
fM, = fR n M, = &j(R 1 f) n M, = n (P n M,,). 
Pe3(~lf) 
Hence there exists a P’ E S(R ] f) satisfying P’ n M, # M,, , thus 
P’ E sp(M,). Applying Theorem 3.3, we obtain B(M (f) # $. Evidently, 
z(M ) f) # 4 implies fM # M. 
Clearly, (2) implies (3), and (3) implies (4). Suppose that R E ID satisfies (4), 
but not (1). Hence g(R 1 f) # 4. Let V = d$j(R If ). Then fR < V, for f 
is a radical over 9. As f is complete and hereditary, we obtainfV # V (cf. 
Theorem 2.21 of [IO]). So $j( I’ 1 f) # +. Applying Theorem 3.3, we deduce 
the existence of a point PI E g(R 1 f) such that PI 3 I’. This contradiction 
proves Lemma 4.3. 
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LEMMA 4.4. Let f be a complete, hereditary radical over D. Then for a sub- 
ideal M # 0 of a ring R E D the following conditions are equivalent: 
(1) M is a prime ring satisfying fM = 0. 
(2) M contains an ideal X # 0 of R such that X, E s(R 1 f), and X is a 
large ideal of M with X’,(X) = 0. 
Proof. Assume that (1) is valid. As M is a subideal there exists an ideal Y 
of R and a positive integer m such that Y” < M < Y. Since M is a prime 
ring, Y” # 0. Now X = Y” is a prime ring with fX = 0. Hence 0 E 3(X 1 f ). 
By Theorem 3.3 there exists a uniquely determined P E p(X) with 
0 = X n P. Since X is an ideal of R, by Remark 3.4, we obtain P = X, 
and (2) is a consequence of (1). 
If conversely M satisfies (2), then it is easily seen that Xr n M = 0, 
which implies 0 E s(M 1 f) by Theorem 3.3, and Lemma 4.4 is proved. 
COROLLARY 4.5. Let f be a complete, hereditary radical over D. Tb for 
an ideal Y # 0 of R E D with Y*(Y) = 0 the following conditions are equiva- 
lent : 
(1) Y is a prime ring with f Y = 0. 
(2) Y, = Y, = Y*, and Y* E z(R 1 f). 
The proof is an immediate consequence of Remark 3.4 and Lemma 4.4. 
Corollary 4.5 is a generalization of ([6], p. 46, Lemma 12) and of ([8], 
p. 215, Corollary 1). 
DEFINITION An ideal X of a ring R is called a two-sided annihilator if 
there exists an ideal Y of R such that Yz = X = Y, . 
REMARK 4.6. In a semi-prime ring every right (left) annihilator of an ideal 
is a two-sided annihilator. Therefore it is easy to see that in a semi-prime 
ring the maximum condition for two-sided annihilators and the minimum 
condition for two-sided annihilators are equivalent. 
Let R be the ring of polynomials in two noncommutative variables x and y 
over a field K, then R does not satisfy the maximum condition for two- 
sided ideals, for the two-sided ideal generated by the elements xynx (n = 1, 
2, a**) is not finitely generated. Since R is a prime ring, the maximum con- 
dition for two-sided annihilators holds in R. 
LEMMA 4.7. Let f be a complete, hereditary radical over 3. If Y # 0 
is an ideal of the ring R E D satisfying bY = 0 = f Y such that in R the maxi- 
mum corzditiorz hoI& fo* all ideals which are an intersection of Y with a two- 
RADICALS AND STRUCTURR SPACES 209 
sided annihikztw of R, then there exists an ideal K # 0 of R in Y with 
OENKlf). 
Proof. Assume that Lemma 4.7 is false. By Theorem 2.21 of [IO] we 
have fQ = Q n fY for every dieal Q < Y of R. Therefore Y does not 
contain any ideal of R which is a prime ring. Suppose that we have shown 
the existence of a finite number of ideals 
Y,=Y>Y,>->Yn#O 
of R such that 
W3, n Yl < [(YA n Yl < a-- < [(K& n Y] < [(Y,), n Yl. 
Since Y,, # 0 is not a prime ring, there exist ideals Z # 0 # X of the ring 
Y, with XZ = 0. Let XI = Y,XY,, , 2, = Y,ZY,, . Then XI # 0 # Z, 
because otherwise Xs = 0 = Z3, which is impossible because Y is a semi- 
prime ring. Let Y,,+r = XI . Then Y,,+r is an ideal of R with Y, > Y,,+l # 0. 
Hence 
(y,+d, n y 3 (KJ, n y. 
Suppose (Y,+& n Y = (Y,), n Y. From Y,,+,Z, Q XZ = 0, we deduce 
Z, < (Y,,+J, n Y = (Y,), n Y, which implies (Z,)a = 0, and 0 # Z, = 0. 
This contradiction proves (Y,+r)r n Y > (Y,), n Y. Let K be an integer 
with 0 < k < n + 1, then (Y& * Yk and Yk * (Yk)r are nilpotent ideals of 
R which are contained in the semi-prime ring Y. Therefore 
Hence every ideal (Y,), n Y is an intersection of Y with a two-sided anni- 
hilator of R. By complete induction with respect to n, we obtain an infinite 
strictly ascending chain of ideals of R which are an intersection of Y with a 
two-sided annihilator. This contradiction to our assumptions on Y proves 
Lemma 4.7. 
THEOREM 4.8. Let f be a complete, hereditary radical over ID. Then the 
following properties of the ring R E D are equivalent: 
(1) fR = 4W If> 
(2) d = &(R If WR is a semi-prime ring, and in R = R/fR the maximum 
condition holds for all ideals which are an intersection of d with a two-sided 
annihilator of R. 
(3) R = RIfR satisfies the maximum condition for all ideals contained in 
A, and A is a semi-prime ring. 
(4) R = RlfR satisfies the minimum condition for all ideals contained in 6, 
and A is a semi-prime ring. 
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(5) If M is a subideal of R, then fM # M if and only if ~(JYZ 1 f) # 4. 
Proof. The equivalence of (1) and (5) has been proved in Lemma 4.3. 
Clearly, (1) implies (2), (3), and (4). That each of (4) and (3) implies (2) follows 
at once from Remark 4.6. Hence there is only to prove that (1) is 
a consequence of (2). To do this, by Lemma 4.3, we have to show 
that fAS(RIf)#A@RIf) if and only if B(dB(RIf)jf) ##. That 
fA@R 1 f) # AB(R /f) is a consequence of g(A%(R If) If) # 4, follows 
easily by means of Theorem 3.3 and ([ZO], Lemma 2.9). Now assume that 
d = As(R ! f ),/fR # 0. Thenfd = 0, becausef is a hereditary radical over 3). 
As d satisfies the conditions of Lemma 4.7, there exists an ideal R # 0 of 
R in d such that 0 E s(I? 1 f). Thus, by Corollary 4.5, 
R*=(~ERi~IZ=O=IZiiT) 
is a point of the f-structure space g(R ! f ). Since x is a semi-prime ring, we 
have 0 = R n I?*. Let K,, be the inverse image of I?* in R. Then 
K, E B(R 1 f), and As(R 1 f) 4 K, , for otherwise 0 = I? n I?* = I? # 0. 
Hence 
Kc, E ‘WW If )I = 0’ E 5@ If) I P $4W If)> 
which, by Theorem 3.3, implies that g(Ag(R If) 1 f) # 4, and Theorem 4.8 
is proved. 
COROLLARY 4.9. Let f be a complete, hereditary radical over ID. If R is a 
ring of D such that R/fR is a semi-prime ring satisfying the maximum condition 
for two-sided annihilators, then 
fR = ANR If). 
Proof. Since R = R/fR is semi-prime, each ideal P of R is a semiprime 
ring. As R satisfies the maximum condition for two-sided annihilators, each 
ideal P of R satisfies the condition (2) of Theorem 4.8. 
5. ~-DECOMPOSITION SETS 
Let f be a complete, hereditary radical over 3). Then Corollary 4.9 leads 
us to the following question. Let R be a ring of 9 such that R/fR is a semi- 
prime ring satisfying the maximum condition for two-sided annihilators. 
Then, does R possess a minimal f-decomposition set in the sense of 
DEFINITION 5.1. Let f be a radical over 3, and R a ring of ID such that 
AS(R If) = fR. A subset % of B(R If) is called a minimal j-&composition set 
fm R, if A% = fR, but A(% \ P) # fR for each P E %. 
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If R is a semi-prime ring, and f is the lower nil radical of Baer over the uni- 
versal class U of all rings, then Definition 5.1 coincides with Kishimoto’s 
and Kurata’s definition of a minimal decomposition set for R (cf. [7j, p. 216, 
Definition 2). 
REMARK 5.2. In view of Lemma 2.3, it is clear that the ring R E a has a 
minimal f-decomposition set if and only if R/fR has one. 
LEMMA 5.3. Let f be a radical over D, and R a ring of D such that RIfR 
is semi-prime. Then the following properties of P E s(R 1 f) are equikalent : 
(1) (fR: P> #fR. 
(2) (fR : (fR : P)) = P. 
Proof. Let P- = (fR : P), and P = (fR : (fR : P)). Assume P- # fR. 
Then P-P- < fR < P, since P E s(R 1 f), and f is a radical over 3). As 
R/fR is a semi-prime ring, P- < P. Hence PC < P, and P = P-. Conver- 
sely, assume that P satisfies (2), but not (1). Then P = R which is a contra- 
diction to P E B(R 1 f ). 
REMARK 5.4. Let f and R E D be as in Lemma 5.3. If P E s(R 1 f) satis- 
fies the equivalent conditions (1) and (2) of Lemma 5.3, then P/fR is a 
minimal prime ideal of R/fR. The proof follows at once by applying (Kishi- 
moto and Kurata [8], p. 215, Lemma 3). 
LEMMA 5.5. Let f be a radical over D, and let R be a ring of IO such that 
As(R 1 f) = fR. Then R h as at most one minimal f-decomposition set %, and 
9I consists of all P E s(R j f) with (fR : P) # fR. 
Proof (cf. Goldie [6], p. 42, Theorem 5). By Remark 5.2, we may assume 
fR = 0. Hence, by Theorem 1 of Jacobson ([A, p. 196), R is a semi-prime 
ring. Let % be a minimal f-decomposition set for R. For each PI E X we define 
PI’ nPEw,P, P. Therefore 0 # PI’ < (PI).r . So PI is a minimal prime ideal 
of R by Remark 5.4. If S is a point of s(R 1 f) such that S, # 0, then for each 
P E W, either S < P or S, < P. The latter inequality does not hold for all 
P E R, since nPew P = 0. Hence S < P, for some P, . Since P,, is a minimal 
prime ideal of R, we obtain P,, = S, and Lemma 5.5 has been proved. 
LEMMA 5.6. Let f be a complete, hereditary radical over 3, and let R E II 
be a semi-prime ring. If P E s(R 1 f) with P,. # 0, then 0 E s(P7 If). 
Proof. Since P, # 0, by Lemma 5.3, we obtain P = P,, . Hence, by 
Corollary 4.5, 0 E s(P? If), for R is a semi-prime ring. 
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Kow we are able to prove the following extension of (Kishimoto and 
Kurata [a], p. 216, Theorem 1). 
LEMMA 5.7. Let f be a complete, hereditary radical over li), and R a ring 
of D with As(R 1 f) = fR. Then the following properties of R are equivalent: 
(1) R has minimalf-decomposition set % # 4. 
(2) R = RifR has a minimal f-decomposition set R # 4. 
(3) Every ideal T # 0 of R contains an ideal B # 0 such that 0 E B(B 1 f ). 
(4) If 3 is the sum of all ideals B # 0 of R with 0 E s(B 1 f ), then L?, = 0. 
(5) R has a uniquely determined minimal f-decomposition set % # 4. 
Proof. The equivalence of (1) and (2) has been mentioned in Remark 5.2. 
Assume (2), and let T be a nonzero ideal of R. Now T r\ P # E for some 
P E 5 . i? is a semi-prime ring by Jacobson ([7], p. 196, Theorem 1). By 
Lemma 5.5, P, # 0. Suppose that T n pr = 0, then pr,i; = 0, which 
implies E < Pr,, = P by application of Lemma 5.3. From this contradiction 
to T n P # T we obtain T1 = T n pr # 0. Applying Lemma 5.6, we 
deduce that pr is a prime ring with f (pr) = 0. Since each ideal of a prime 
ring is a prime ring, Tr is a prime ring. By Theorem 2.21 of [ZO], there is 
f3: = ?‘r n f (Pr) = 0. Hence 0 E ij( T1 1 f ), and (3) is a consequence of (2). 
Suppose now that (3) is valid. Let % be the set of all ideals B # P of R 
with 0 E S(B If), and let 3 = &an B. If 5 is the set of all prime ideals 
P E g(R ) f) with p,. # 0, then, by Corollary 4.5, &. E fi for each B E %X 
Therefore, by (3), 5 # 4. By L emma 5.6, we have pr E %X for each P E sj. 
Hence 
Therefore s, = npEg P, by applying Lemma 5.3. Since Ei # +, we know 
by Lemma 5.5 that 8 is the minimal f-decomposition set for R. Hence 
3, = 0, and (4) is a consequence of (3). 
From 3, = nPEb p and Lemma 5.5 follows at once that (4) implies (2). 
By another application of Lemma 5.5, the equivalence of (1) and (5) is 
obvious. This completes the proof. 
With the help of the above lemma we can now prove the following exten- 
sion of Corollary 4.9. 
THEOREM 5.8. Let f be a complete, hereditaty radical over a. If R is a ring 
of 3 such that R/fR is a semi-prime ring satisfying the maximum condition 
for two-sided annihilators, then R has a finite minimal f-decomposition set 
fJl#4. 
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Proof. By Corollary 4.9 we have fR = As(R 1 f). Since R = RIfR is a 
semi-prime ring with maximum condition for two-sided annihilators, by 
Lemma 4.7, we deduce that R satisfies condition (3) of Lemma 5.7. Hence R 
has a minimal f-decomposition set R # 4. By Lemma 5.5, 
By application of Lemma 2.3 and ([ZO], Lemma 2.9), we obtain that 
‘% = (P E B(R 1 f) 1 pr # 0) is the minimal f-decomposition set for R. It is 
easily seen that % is finite if and only if 3 is finite. 
Assume that 9 is infinite. Then there exists an infinite, countable subset 
m of % such that pi # p* whenever i and j are different positive integers. 
Suppose that [(p,),. + (pa),.],. = (p&, where pi E a (i = 1,2). By Lemma 
5.3, there is Pi = (Pi),, . So p1 < (p& = pa. By Remark 5.4, each p E 3 
is a minimal prime ideal of R. Hence pr = pa , a contradiction ! Therefore 
Assume that we have shown for all positive integers k < n - 1 
where each pj E m (j = 1,2, *a*, n - 1). 
Let p* E %iI. Then clearly 
(1) v11)1 + -*- + <JLMr 2 Vdc + .** + VLJr + (Qrlt * 
Assume that equality holds in (1). Then, by application of Lemma 5.3, 
78-l n-1 
2l Pdrr = n pi < IX>, + ..e + (Pn-l)r]r 
i-l 
Hence 
Since p,, is a prime ideal of R, there exists at least one of the pi (i = 1,2, mm*, 
n - 1) with pi < p,, . Another application of Remark 5.4 shows that pi = p,,. 
This contradiction proves 
If [(P& + **. + (p,& + (P,J& = 0, then n:=r Pi = 0, by Lemma 5.5, 
@, = <Pl , P2, m-s, Pn> is the minimal f-decomposition set for R, which 
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is a contradiction to our assumption that 3 is infinite. Hence 
[(Q+ + **- + vLl)T + PnMr f 0. 
Since every right annihilator of an ideal of a semi-prime ring is a two- 
sided annihilator, by complete induction with respect to n, there exists an 
infinite strictly descending chain of two-sided annihilators: 
Hence R cannot satisfy the minimum condition for two-sided annihilators. 
But, since the semi-prime ring R satisfies the maximum condition for two- 
sided annihilators, by Remark 4.6, R satisfies the minimum condition for 
two-sided annihilators. This contradiction shows that g is finite proving 
Theorem 5.8. 
COROLLARY 5.9. Let f be a complete, hereditary radical over 3). If R is a 
semi-prime ring of 3 with maximum condition fir two-sided annihilators satis- 
fying fR = 0, then R is isomorphic to a subdirect sum of a finite number of 
prime rings Q with fQ = 0. This representation of R is unique. 
Proof. An immediate consequence of Theorem 5.8 and Lemma 5.7. 
6. COMPACT, AND Tl-fiSTRucTuRE SPACES 
In ([.5], p. 2) L. G 11 i man proved that every structure space, consisting 
of prime ideals of a ring R, is a TO-space. If f is a radical over 3, so the 
f-structure space B(R (f) of a ring R E ZD is a TO-space. But if 6 is the lower 
nil radical of Baer over the universal class U of all rings, and if 2 is the ring 
of integers, then-as well known--&(2 1 b) is not a T,-space, though it is 
compact. (Cf. Kohls [9], p. 19, C orollary 3.3). In the following we consider 
some rings R E YD which have a compact, T,-f-structure space. 
LEMMA 6.1. Let f be a radical over D. Then the following properties of the 
ring R E D are equivalent: 
(1) B(R If) is compact. 
(2) If Y is an ideal of R such that 
5(R If) = NY) = <P E 5@ If) I P 3 0 
then there exists a finitely generated ideal Q of R contained in Y such thut 
5(R !f I= ‘p(Q). 
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Proof is an immediate consequence of (Blair and Eggan [3], p. 887, Theo- 
rem I). 
hdARK 6.2. If f is a radical over !D, and if R E II) is a ring with maximum 
condition for ideals, then s(R If) is compact. This generalizes Mihalev’s 
Corollary 1 ([IZ], p. 651). 
LEMMA 6.3. Let f be a radical over D such that f < g. If R E D is a ring 
such that R = R/fR is a finitely generated ideal of R, and each maximal ideal 
of R is modular, then the following properties of the ideal A of the ring R are 
equivalent : 
(1) ‘V(A) = W If). 
(4 f (R/A) = R/A. 
Proof. Assume that (1) is valid. If v(A) = S(R 1 f) = 4, then R = fR, 
since f < g, and R is finitely generated as an ideal of R. In this case, (2) holds, 
for f is a radical over 3. Therefore, let ‘$(A) = B(R 1 f) # 4. Suppose that 
f (R/A) # R/A. By Lemma 2.9 of [ZO], f (R/A) = r)M,Am M/A where (m 
is the set of all ideals M/A of R/A such that f [(R/A)/(M/A)] = 0. Hence 
f (R/M) = 0. Another application of Lemma 2.9 of [KJ] shows that fR < M. 
If fR = M, then A < fR, and ‘$(A) = 4. This contradiction to (P(A) # 4 
implies m = M/fR # 0. Since R is finitely generated, ii8 is contained in a 
maximal ideal X = X/fR of R. By f < g, and the modularity of X, we 
obtain 
Hence X E Fj(R ] f). Clearly X > A, which implies 
X 4 CPW = 5(R If )- 
This contradiction shows that (2) is an implication of (1). 
Now, we assume that A satisfies (2). In case B(R ( f) = (5, we have 
‘$(A) = 4, and (1) follows. Therefore, let g(R 1 f) # 4. Suppose that there 
exists a P E s(R If) with A < P. Hence, by Lemma 2.5 of [ZO] 
which implies 
This contradiction proves Lemma 6.3. 
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LEMMA 6.4. Let f be a radical over D such that f < g. If R is a ring of D 
such that each maximal ideal of R = R/fR is modular, then the following state- 
ments are equivalent :
(1) R is a Jinitely generated ideal of i? 
(2) s(R 1 f) is compact, and each proper ideal Y > fR of R is contained 
in a prime ideal P of R with f (R/P) = 0. 
Proof. If R is a finitely generated ideal of R, then each ideal A?i of R is 
contained in a maximal, modular ideal P of R. Since f < g, P E g(R 1 f). 
As f is a radical over Q the inverse image of P in R is a point of s(R (f). 
Since g(R j f) is homeomorphic to s(R ! f), by Lemma 2.3, s(R 1 f) is a 
compact space if and only if 3(R 1 f) is compact. By application of Lemma 6.2, 
we deduce from (1) that for each ideal A of R the conditions f (R/A) = R/A 
and ‘P(A) = s(R If) are equivalent. Since R is finitely generated as an 
ideal of R, each ideal A # R is contained in a maximal ideal m of R. As a 
is modular, and f <g, we obtain by application of ([ZO], Lemma 2.5), 
oi+g =f(+$jrf($)=O. 
This contradiction implies that R cannot be mapped epimorphicallyonto a ring 
I?#OwithfE=k H ence, clearly condition (2) of Lemma 6.1 is satisfied 
by R, and s(R (f) is a compact space. 
That (1) is a consequence of (2), follows at once by Kohls’ Theorem 3.2 
of ([91, P* 19). 
LEMMA 6.5. Let f be a complete, hereditary radical over ?D with f < g. 
If R E D is a ring such that R = RIfR is a Jinitely generated ideal of R, and each 
maximal ideal of R is modular, then the following statements are equivalent: 
(1) S(R 1 f) is a T,-space. 
(2) s(M 1 f) is a T,-space for every s&&al M of R. 
(3) Every point of the f-structure space s(R 1 f) is a maximal, mod&r 
ideal of R. 
Proof. Clearly (2) implies (l), and (2) follows easily from (1) by means of 
Theorem 3.3. Suppose that (1) is valid. Since f is a radical over ID, we have 
fR < P for all P E z(R If) (cf. [Ml, Lemma 2.9). Therefore, by Lemma 2.3 
we may assume that fR = 0. Let P be a point of $J(R (f ). As R is finitely 
generated as an ideal of R, P is contained in a maximal ideal M of R by Zorn’s 
Lemma. Xow M is modular, which implies M E s(R ) f ), for f < g over 3). 
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Since B(R If) is a T,-space, we obtain P = M. That, conversely, (3) implies 
(1) is obvious. 
With the help of the above lemmas we can now give the 
Proof of Theorem 6.6. Let condition (3) be satisfied by R. By Lemma 2.3 
the f-structure space ?j(R 1 f) of R is homeomorphic to %(R 1 f ). Since each 
prime ideal of the ring R is a maximal, modular ideal of R, the space 3(R 1 f) 
is a Tr-space. 
The existence of an identity in R implies that each proper ideal Y? of R 
is contained in a maximal, modular ideal il?l of R. Clearly, g(R/@) = 0. 
That z(R j f) is a compact space, follows now from Lemma 6.4. Hence, (3) 
implies (1). 
Suppose that R satisfies (1). Since each proper ideal x of R is contained 
in a prime ideal P of R with g(&P) = 0, x is contained in a prime ideal P 
of R with f (R/P) = 0, b ecause f < g. If il?l is a maximal ideal of R, then 
g(R/@ = 0, h h pl w ic im ies that m is modular. Hence, by Lemma 6.4, R is a 
finitely generated ideal of R, because lJ(R 1 f) is compact. Therefore, by 
Lemma 6.5, each point of the f-structure space S(R 1 f) is a maximal, modu- 
lar ideal of R, since FJ(R If) is a T,-space. Hence, we have 
&W If) kgR 
for g is the intersection of all maximal, modular ideals of R. Since R/fR is a 
semi-prime ring with maximum condition for two-sided annihilators, and 
since f is a complete, hereditary radical over D, we have 
fR = &(R If ), 
by application of Corollary 4.9. Hence fR > gR, which together with f <g 
implies that fR = gR. 
Clearly, [(2)b)] is a consequence of [( l)a)]. Since B(R 1 g) is a subspace of 
the T,-space z(R If), condition [(2)c)] is satisfied by R. So (2) is a conse- 
quence of (1). 
Now assume (2) is valid. Since the Brown-McCoy radical g is a complete, 
hereditary radical over D, and since fR = gR, condition [(2)b)] implies by 
application of Theorem 5.8 that R has a finite minimal g-decomposition set 
R # 4. Let P E %, then P is a prime ideal of R with g(R/P) = 0. By Theorem 
7 of Brown-McCoy ([4J, p. 51) P is an intersection of maximal, modular 
ideals of R. As S(R I g) is a T,-space, we obtain that P is a maximal, modular 
ideal. If I R 1 = k, then W consists of k maximal, modular ideals Mi , M, , a**, 
Mk of R. Let h?i = M#R (i = 1, 2, en., k). Then 
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because 91 is a minimal g-decomposition set for R. If d E 8, and & is the 
image of d under the natural epimorphism of R onto &ii!& (; = 1,2, **e, K) 
then the correspondence 
defines an isomorphism of R onto a subdirect sum of the simple rings 
R/i& (cf. Jacobson [7], p. 14). Since the j@i (i = 1, 2, a**, k) are a minimal 
g-decomposition set for R, there exists an element 
&I 
ifi 
but E 4 aj. Hence 
pcE = (0, “‘, 0, Cj 9 0, “‘p 0). 
Since fj is a nonzero element of the simple ring R/Hj , it follows that 
(E,) = R/i@, . H ence, under the isomorphism TV, each element of the form 
(09 a--, 0, fj ) 0, ***, 0) where Fj E i?/fij appears as the image of some element 
of R. Therefore 
This completes the proof of Theorem 6.6. 
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